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bstractThe aim of this note is to give alternative and short proofs for some results to Ali et al. in [3] by using the relationship between
he concepts of Jordan left *-centralizer and right centralizer on a 2-torsion free semiprime rings endowed with involution.
 2016 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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.  Introduction
Throughout this note, R  will be an associative ring
ith center Z(R). We shall denote by C  to the extended
entroid of a prime ring R  (see Martindale III [1] for
ore literature). A ring R  is said to be 2-torsion free, if
or a ∈  R, 2a  = 0 then a  = 0. For x, y ∈  R, the commutator
y −  yx and the anti-commutator xy  + yx  will be written as
x, y] and (x  ◦ y) respectively. If S is a nonempty subset of
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R, a map f : R  →  R  is said to be of period 2 on S  if f(x)2 = x
for all x  ∈  S. An involution * is an additive mapping on
R which satisfies (xy)* = y*x* and (x∗)∗ =  x for all x,
y ∈ R. A ring equipped with an involution is called a
ring with involution or *-ring. A ring R is said to be
prime if for a, b  ∈ R, aRb  = 0 then a  = 0 or b  = 0 and R
is called semiprime if aRa  = 0 then a = 0. A left (right)
centralizer T  is an additive mapping on R  which satisfies
T(xy) = T(x)y  (T(xy) = xT(y)) for all x, y  ∈  R. A Jordan
left (right) centralizer T  is an additive mapping on R
which satisfies T(x2) = T(x)x  (T(x2) = xT(x)) for all x ∈
R. All results on left centralizer are also true for right
centralizer because the symmetry between the left and
right. Ali and Fosˇner in [2], introduced the notion of left
(right) *-centralizer as follows: When R  is a *-ring, a left
(right) *-centralizer T  is an additive mapping on R  which
satisfies T(xy) = T(x)y* (T(xy) = x*T(y)) for all x, y  ∈  R. A
Jordan left (right) *-centralizer T  is an additive mapping
on R  which satisfies T(x2) = T(x)x* (T(x2) = x*T(x)) foron Jordan left *-centralizers on prime and semiprime rings
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all x  ∈  R.
The purpose of this paper is to give alternative and
short proofs of results to Ali et al. in [3].
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2.  Preliminaries
To achieve our aim, we need the following results:
Lemma 2.1.  Let  R  be  a  *-ring  and  g  be  a  mapping  on
R. If  g  /=  0,  then  g* /=  0,  where  g*(x) = (g(x))* for  all
x ∈  R.
Proof.  If g* = 0, then (g(x))* = 0 for all x ∈  R. By apply-
ing * to the both sides of the last relation, we find that
g(x) = 0 for all x ∈  R  and this is a contradiction. 
Lemma 2.2  ([4]; see the proof of Lemma 2.4.1). Let  R
be a prime  *-ring.  Then:
(i) * deﬁnes  an  automorphism  of  period  2  on  C;
(ii) if  rλ  ∈  R  for  r  ∈  R, λ  ∈  C,  then  (rλ)* = r*λ*.
Lemma 2.3  ([5], Lemma 3). Let  R  be  a  noncommuta-
tive prime  ring  and  let  S, T  : R  →  R  be  left  centralizers.
Assume  that  [S(x), T(x)] = 0 is  fulﬁlled  for  all  x  ∈  R.  If
T /=  0,  then  there  exists  λ  ∈  C  such  that  S  = λT.
Proposition  2.4  ([6], Proposition 1.4). Let  R  be  a  2-
torsion free  semiprime  ring.  If  T  : R  →  R  is  a Jordan  left
centralizer, then  T  is  a  left  centralizer.
Proposition  2.5.  Let  R  be  a 2-torsion  free  semiprime
*-ring and  let  T  : R  →  R  be  a  Jordan  left  *-centralizer.
Then  T* : R  →  R  is  a right  centralizer.
Proof.  We have T(x2) = T(x)x* holds for all x ∈  R. Since
T*(x) = (T(x))* for all x  ∈  R, then we see that
T ∗(x2) =  (T  (x2))∗ =  (T  (x)x∗)∗ =  x(T  (x))∗ =  xT ∗(x)
for all x  ∈  R. Thus, T* is a Jordan right centralizer on
R. By Proposition 2.4, T* is a right centralizer. So we
arrived to the desired result. 
Theorem 2.6  ([5], Theorem 4). Let  R  be  a  2-torsion
free noncommutative  semiprime  ring  and  S, T : R  →  R  be
left centralizers.  Assume  that  [S(x), T(x)]S(x) + S(x)[S(x),
T(x)] = 0 is  fulﬁlled  for  all  x  ∈ R.  Then  [S(x), T(x)] = 0 for
all x ∈  R.  Also,  If  R  is  prime  and  S /=  0(T  /=  0),  then
there exists  λ  ∈  C  such  that  T  = λS  (S  = λT).
Theorem 2.7  ([5], Theorem 7). Let  R  be  a  2-torsion  free
noncommutative  semiprime  ring  and  let  S, T : R  →  R  bePlease cite this article in press as: M.S.T. El-Sayiad, et al. A note 
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left centralizers.  Assume  that  [[S(x), T(x)], S(x)] = 0 is
fulﬁlled for  all  x  ∈  R.  Then  [S(x), T(x)] = 0 for  all  x  ∈  R.
Also, if  R  is  prime  and  S  /=  0(T  /=  0),  then  there  exists
λ ∈  C  such  that  T  = λS(S  = λT). PRESS
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3.  The  results
Proposition  3.1.  Let  R be  a  noncommutative  2-torsion
free prime  *-ring  and  S, T  : R  →  R be  Jordan  left  *-
centralizers. Assume  that  [S(x), T(x)] = 0 is  fulﬁlled  for
all x ∈ R.  If  T  /=  0,  then  there  exists  λ ∈ C  such  that
S = λT.
Proof.  We have, from assumption,
[S(x),  T (x)] =  0,  for all x  ∈ R.
Applying * to both sides of the above equation, we obtain
[(S(x))∗, (T  (x))∗] =  0,  for all x  ∈  R.
By Proposition 2.5, S* and T* are right centralizers. Also,
if T  /=  0, by Lemma 2.1, T* /=  0. So, by Lemma 2.3,
there exists μ  ∈  C  such that S* = μT*. This implies that
(S(x))∗ =  μ(T  (x))∗, for all x  ∈  R.
Applying * to both sides of the last relation, and then
Lemma 2.2 (ii) gives us
S(x) =  μ∗T  (x),  for all x  ∈  R.
Hence S  = λT  where λ  = μ* ∈  C  by Lemma 2.2 (i), which
completes the proof of the proposition. 
Theorem  3.2.  Let  R  be  a  noncommutative  2-torsion
free semiprime  *-ring  and  S, T  : R  →  R  be  Jordan  left
*-centralizers. Assume  that  [(S(x) ◦  T(x), S(x)] = 0 is  ful-
ﬁlled for  all  x ∈  R.  Then  [S(x), T(x)] = 0 for  all  x ∈  R.
Furthermore  if  R  is  prime  and  S  /=  0(T  /=  0),  then  there
exists λ  ∈  C  such  that  T  = λS  (S  = λT).
Proof. By the hypothesis we have,
(S(x) ◦  T  (x))S(x) −  S(x)(S(x) ◦  T  (x)) =  0,
for all x  ∈  R.
Applying * to both sides of the above relation, we obtain
[(S(x))∗, (T  (x))∗](S(x))∗ +  (S(x))∗[(S(x))∗, (T  (x))∗]
= 0,  for all x  ∈  R.
By Proposition 2.5, S* and T* are right centralizers. So,
Theorem 2.6 gives us
[(S(x))∗, (T  (x))∗] =  0,  for all x  ∈  R.on Jordan left *-centralizers on prime and semiprime rings
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Again applying * to both sides of the last relation, we
arrived to
[S(x),  T (x)] =  0,  for all x  ∈ R.
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f R  is prime, then Proposition 3.1 gives us the required
esult. Thus the proof is completed. 
heorem  3.3.  Let  R  be  a  noncommutative  2-torsion
ree semiprime  *-ring  and  S, T  : R  →  R  be  Jordan  left
-centralizers. Assume  that  [[S(x), T(x)], S(x)] = 0 is  sat-
sﬁed for  all  x  ∈  R.  Then  [S(x), T(x)] = 0 for  all  x ∈  R.
urthermore if  R  is  prime  and  S  /=  0(T  /=  0),  then  there
xists λ  ∈  C  such  that  T  = λS  (S  = λT).Please cite this article in press as: M.S.T. El-Sayiad, et al. A note 
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roof.  By using similar steps as we have done in the
roof of Theorem 3.2 and by using Theorem 2.7, we get
he required result. 
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